We present the results of T-even TMDs in a light front quark-diquark model of nucleons with the wave functions constructed from the soft-wall AdS/QCD prediction. The relations amongst TMDs are discussed. The p ⊥ dependence of the TMDs are compared with the t-dependence of the GPDs and the relation between the respective dependencies are found..
INTRODUCTION
The three dimensional picture of proton is one of the most interesting and challenging tasks in particle physics. Recently, there are many theoretical investigations as well as experiments (e.g. ZEUS, COM-PASS, HERMES, CLAS [1] ) to understand the generalized parton distributions(GPDs) and transverse momentum dependent(TMDs) distributions which encode these informations. These objects represent similar albeit non-identical transverse structure and in this paper we are aiming to relate these in a straightforward manner. For that purpose we use a light front quark-scalar diquark model of proton where the wave functions are constructed from AdS/QCD [2] predictions, and present a unified description of the TMDs and GPDs and the relations between these two different distribution functions.
The TMDs (see [3] and references therein) are required to describe the Semi-Inclusive Deep Inelastic Scattering(SIDIS) or Drell-Yan processes, whereas GPDs (see [4] and references therein) are required for exclusive processes like deeply virtual Compton scattering or vector meson productions. Three of the TMDs, f 1 (x, p ⊥ ), g 1L (x, p ⊥ ), h 1 (x, p ⊥ ) are generalization of the three PDFs, the unpolarized distribution f 1 (x), helicity distribution function g 1 (x) and the transversity distribution h 1 (x). Other TMDs do not have simple collinear limit. Both, TMDs and GPDs are studied in several QCD inspired models. In this paper, we mainly concentrate on the relations among the TMDs and the relations between TMDs and the GPDs and their moments.
TMDs have been investigated in several QCD inspired models, e.g., in a diquark spectator model [5, 6] , in MIT bag model [7] , in a covariant parton model [8] .
The relations between the TMDs and PDFs were studied in [9] and the relations with GPDs were studied in detail in [10] . Some relations between the TMDs and GPDs were also observed in [11] . These relations are model dependent and it is not guaranteed that they should hold in QCD. A model independent derivation of the relations is not yet possible. Nevertheless, from phenomenological point of view, these relations may provide additional constraints on model predictions. Here, we demonstrate a novel relation between the TMDs and the GPDs which relates the t( square of momentum transferred) dependence of GPDs with the p 2 ⊥ dependence of TMDs. This may reflect the sort of Veneziano-like s ↔ t duality (see [12] . Sect.4). The p 2 ⊥ dependence in TMDs coming form AdS/QCD wavefunction explains why the TMDs in lattice calculations show approximate x and p 2 ⊥ factorization. The same factorization is also used in phenomenological models of TMDs.
LIGHT-FRONT DIQUARK MODEL
In this model we assume that the incoming photon, carrying a high momentum, interacts with one of the valence quark inside the nucleon and other two valence quarks form a bound state of spin-0 (scalar diquark). Therefore the nucleon state |P, S having momentum P and spin S, can be represented as 2-particle Fockstate. In this paper we consider the scalar diquark model [13] .
The light-cone components of quark momentum p arXiv:1506.04560v2 [hep-ph] 14 Dec 2015 and spectator momentum P X are
The 2-particle Fock-state expansion for J z = ± 1 2 are given by
where the |λ q , λ s ; xP + , p ⊥ represents a two particle state with a quark of spin λ q = ± 1 2 , momentum p and a scalar spectator(λ s = 0). The states are normalized as:
are the light-front wave functions with nucleon helicities λ N = ±.We adopt the generic ansatz for the quark-diquark model of the valence Fock state of the nucleon LFWFs at a scale µ 0 = 313 MeV as proposed in [13] :
where ϕ (1) q (x, p ⊥ ) and ϕ (2) q (x, p ⊥ ) are the wave functions predicted by soft-wall AdS/QCD
where κ = 0.4 GeV [15] is the AdS/QCD scale parameter. The values of the parameters a were fixed by fitting the nucleon form factors.
For κ = 0.4
GeV, the parameters are [16] a
q = 0, the wave functions reduce to the AdS/QCD prediction [17] .
A transversely polarized nucleon with polarization S T = (cos φ S , sin φ S ) in the transverse plane can be written as
Without loss of generality, we choose the nucleon polarization along x axis i.e., φ S = 0.
TMDS
The unintegrated quark-quark correlator for polarized SIDIS is defined as
for a quark q. The summations over the color indices of quarks are implied. Here p is the momentum of the struck quark inside the nucleon having momentum P, helicity S and x (x = p + /P + ) is the longitudinal momentum fraction carried by struck quark. We choose the lightcone gauge A + = 0 and a frame where the nucleon momentum and quark momentum are P ≡ (P + ,
.q is the Bjorken Scaling with Q 2 = −q 2 . The nucleon with helicity λ has spin components
, and S T . In leading twist, the TMDs are defined as
The p ⊥ integrated function of f
is the transversity TMD which gives the transversity distribution h q 1 (x)(integrating over p ⊥ ):
The transverse momentum dependent parton distributions, in terms of Light-Front Wave Functions(LFWFs) ψ qλ N λq take the following forms
Using the light-front wave functions from Eq. (5) and Eq.(6), the explicit expressions for the TMDs can be written as:
where
SU (6) spin-flavor symmetry requires that all the polarized TMDs to be scaled by the flavor factor P q where P u = 4 3 and P d = − 1 3 [18] . Since in the quarkdiquark model, the sea quarks are ignored, here we have the valence TMDs. But it should be noted that the AdS/QCD wavefunctions adopted here are not "purely valence" wavefunctions but effective valence wavefunctions which encode aspects of nonperturbative dynamics [17] and cannot be obtained in a model with only valence quarks, hence we expect the distribution functions also encode informations beyond valence quarks.
The parton distribution functions(PDFs) in this quark-diquark model and their scale evolutions have been discussed in detail in [13] and showed to agree with a global fit for both u and d quarks. The p ⊥ integrated distribution functions at the initial scale µ 0 = 313 MeV are
TMD relations
The relations satisfied by the TMDs in the lightfront diquark model(Eqs. (17) (18) ) are the following
The Eq.(26) satisfies the saturation condition of Soffer bound [20] . The leading twist TMDs in the diquark model also satisfy the inequality relations which are valid in QCD and all models [7, 21] :
From Eqs. (10), (17) and (18), it is easy to see that
which was also observed in parton model [8] and is the generalization of the relation between the tensor charge (g q T ) and axial charge (g
found in many models and lattice QCD(see [8] and references therein). A non-linear relation is satisfied as
The above relations are consistent with the relations found in other models like [7] and are proved to be generic for scalar diquark models [22] . All the relations listed above are independent of the parameters in our model.
Comparison with lattice QCD
In lattice QCD the hadronic matrix elements can be parametrized by the invariant amplitudesÃ i (l 2 ; P, S)
WhereΦ [Γ] is defined as
In the limit l.P = 0 for l + = 0, the amplitudes in the coordinate space can be expressed in terms of the 1st-moment of TMDs, e.g,
The superscript (1) on the TMDs indicates the first moment. In Fig.1 , we have compared our model with the corresponding lattice results [19] . It is interesting to note that the above three lattice moments are almost identical when normalized to one at l 2 ⊥ = 0. The diquark model also show similar behavior.
QUARK DENSITIES
The Mellin moments of the TMDs can be interpreted as the densities of quarks inside the nucleon as:
The density ρ U U (p ⊥ ) is found when both nucleon and quark are unpolarised and the ρ T L (p ⊥ ) is for transversely polarised nucleon. Considering the spin pointing along z-direction and nucleon polarised in transverse x-direction,S ⊥ = (1, 0), the p ⊥ -densities of quarks in the two dimensional transverse momentum plane are plotted in Fig.(2) . In our model the unpolarised distributions, the unpolarised nucleon having unpolarised quarks inside, are symmetric for both u and d quarks as predicted from lattice data in [19] . The values of p 1T (x, p 2 ⊥ ). The deformation in ρ T L indicates that the transversely polarised nucleon is non-spherical, the u and d quarks have opposite directional distributions.
GENERALIZED PARTON DISTRIBUTIONS
Using the overlap formalism of light front wave functions, we evaluate the GPDs in light front quarkdiquark model. The GPDs H and E are defined through the matrix element of the bilocal vector current on the light-front:
whereP (P ) is the initial(final) proton momentum, t = q 2 = (P − P ) 2 and λ(λ ) = ± 1 2 is the initial (final) proton spin. In terms of LFWF, the GPDs(for ζ = 0) are then obtained as .
The GPDs satisfy the physical conditions
where n q denotes the number of u or d valence quarks in the proton and κ q is the anomalous magnetic moment of quark q. Note that the exponential factors in both TMDs and GPDs come from the AdS/QCD wavefunction, but due to additional integration over the transverse momentum, the t dependence in GPD is totally different from the p −2 factor in the exponentials, it is not possible to express TMDs in the Regge type form similar to GPDs.
Relations between TMDs and GPDs
The GPDs and TMDs satisfy a universal relation:
This result relies on the particular t and p 2 ⊥ dependence of the GPDs and TMDs which comes from the AdS/QCD wave function. The relation is not exact for all the TMDs and GPDs, but numerically the differences are found to be insignificant.
Let us discuss the specific origin of this relation in some detail. The TMDs and GPDs have the two distinct exponential behavior which comes from the exponential behavior of the wavefunction predicted by AdS/QCD, but due to the extra integration over the transverse momentum transfer, the exponential in GPDs is completely different from that of TMDs. In case of GPDs, the t (or Q 2 ) behavior is of Regge type (∝ x α+α t ) but it is rather Gaussian for TMDs. We expect that this relation, being approximate and model-dependent, may reflect the physics of AdS/QCD duality (which is itself based on approximate conformal invariance and cannot be exact) and hold in more general context. The relation has been demonstrated for the GPD E(x, t) and TMD f 1 (x, p 2 ⊥ ) in Fig.3 . The GPDs obtained from the model satisfy the Regge behavior with the Regge slope α = 1/(4κ 2 ). The average value of Gaussian transverse momentum distribution is then obtained as (c) 
which takes the maximum value of p AdS/QCD. This expression also relies on the particular model and possibility to drop the above mentioned numerically small terms. Indeed, such completely different origin of the number naturally explained in the valence quarks picture may seem strange and may be accidental, although one cannot exclude that it is yet another manifestation of approximate AdS/QCD du-ality.
The magnitude of the transverse momentum is independent of quark flavor. Note that AdS/QCD warp parameter κ thus corresponds to the seemingly different quantities like Regge slope and average quark transverse momentum. Note also that the Regge slope relation to average transverse momentum was first found by V.N. Gribov in the framework of scalar ladders summation for soft Pomeron (having some similarity to the case under consideration because of limited transverse momentum) forming a "Heterotic Pomeron" [23] while combining with hard BFKL Pomeron 1 . 
FIG. 5: Illustration of Eq.(53).
The moments of f 1 (x, p ⊥ ) satisfy another interesting relation
which is illustrated in Fig.5 for u-quarks upto 5-th moments. We obtain similar plot for d-quark also.
In the high momentum region the slopes of the nth moments of TMDs and GPDs satisfy the following empirical but a relation general to all n (numerically checked upto n = 5):
where the superscript (n) stands for the n-th moment. As for GPDs it is just exp(−|tα ln x|), for larger t the larger values of x contribute so that the decrease of the moments is only power-like, the notable example represented by electromagnetic form factors. At the same time, for TMDs the similar factor is exp(−|p
2 |) so that it is suppressing the contributions of both large and small x and only the region of x ∼ 1/3 corresponding to the maximum at Fig.4 contributes. As a result, while using the saddle-point method, the corresponding exponential factor may be taken out of the integral and the main dependence of TMD moments on p 2 ⊥ is an exponential one! This explains the extra factor in Eq.(54). This also may be the the reason of approximate "factorization" of x and p ⊥ dependence of TMDs which is not contradicting to lattice QCD data [19, 24] . Such factorization ansatz is also used in the phenomenological parameterizations and experimental extractions of the TMDs [25] .
It is interesting to note that with the same values of z n and w n one can relate the slopes of the two GPDs also 
as can be seen in Fig.7 . Since, the moments of different distributions are calculate in lattice QCD, these relations can help to check the consistency of model calculations with lattice results. To provide some quantitative ground for this picture we calculated the transverse momentum dependence of the moments of TMDs and GPDs. In Fig.8  (a) , we have shown the first moment of f q 1 (x, p 2 ⊥ ). It clearly indicates that the first moment of the TMD has exponential dependence on the transverse momentum p 2 ⊥ . This behavior of the moments is a necessary condition of the mentioned factorization of x and p ⊥ dependencies, At the same time, Fig.8(b) , indicates that for large −t, the GPD follows a power law behavior with −t which is naturally related to the Regge Parameterization.
DISCUSSION
We calculated the TMDs in the framework of soft wall AdS/QCD based diquark model of the nucleon and performed the systematic exploration of their properties and comparison with GPDs. We tested the number of relations and inequalities for TMDs.
The fit of data leads to the value of warp parameter κ ≈ 400M eV . 
